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between the trailing vortices is very weak and the instabilityof each
vortex can be regarded as the symmetrical Crow instability caused
by mutual induction of the vortex and its mirror image. The mean
lateral displacementof vortices is not important.

In the middle region of H , the vortex is inclined to the axis ox at
the angles h y and h z , which may be estimated as

h y » ¡
ÅC

2 p AR

4H 2

1 + 4H 2
, h z »

ÅC
4 p H AR

1

1 + 4H 2

where the circulation ÅC is nondimensionalizedwith respect to the
wing chord c. It can be shown that the angles h y and h z can be
neglected throughout the interval 0.1 · H · 1.5 for typical wings
of aircraft. The underlying assumptions related to the geometry of
the unperturbed vortices also are acceptable in the middle region.
Consequently the theory presented is correct in inviscid ¯ uid, at
least qualitatively.

Conclusion
As follows from the presented linear analysis in inviscid ¯ uid, the

trailing vortices have undergone a growing sinusoidal instability in
close vicinity to the ground and have come into contact with it.
However, in reality the approachingvortices generate the boundary
layeralong the groundthat separatesand causes the primaryvortices
to follow a complicated trajectory. Our next paper will be devoted
to the nonlinear instability of the trailing vortices in a viscous ¯ ow
near the ground.
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Introduction

B ECAUSE of the complexity of the laminated composite struc-
tures and lack of complete design-based information, any

new design must be extensively evaluated by experiments until it
achieves the necessary reliability and safety. However, the experi-
mental evaluationof these structures is costly and time consuming.
More importantly, it is impractical to test large structures. Conse-
quently, it is extremely useful if the behavior of a full-scale struc-
ture can be predicted from the behavior of a similar small-scale
model.

Understandingthe relationshipbetween model and prototype be-
haviorisessentialin designingscaled-downmodels.To betterunder-
standtheapplicabilityofstructuralsimilitudein designinglaminated
composite structures, an analytical investigationwas undertaken to
assess the feasibilityof its utility. Such a study is important because
it provides the necessary scaling laws and scale factors that affect
the accuracy of the predicted response.

Similitude theory has a wide applicationin solid, ¯ uid, electrical,
and thermal systems.1 Structural similitude theory2 is proven to
be a very useful tool. In this theory, similarity is established in
the solutions of the governing equations of the scaled-down model
(scale model) and the full-scale structure (prototype).

The mainobjectiveof this studyis to demonstratethe applicability
of similitude theory in designing scaled-down models for predict-
ing the buckling behavior of laminated cylindrical shells subjected
to lateral pressure. Based on the resulting scaling laws, a new pre-
diction equation is developed to establish the behavior of prototype
both for complete and partial similarities.

Buckling Equations
Donnell-type equations governing buckling of laminated shells

are commonly expressed in terms of variations of in-plane force
and moment resultants, which can be subsequently expressed in
terms of variations of displacements during buckling. The solution
to thegoverningdifferentialequationsfor laminatedcross-plyshells
with simply supportedboundary conditions is straightforward.The
result is a simpleclosed-formbucklingcriterionthat is applicablefor
stress resultant ÅNyy due to lateral pressure (for details, see Ref. 3)
as follows:

T33 +
(2T12T13T23 ¡ T11T 2

23 ¡ T22T 2
13

)

(T11T22 ¡ T 2
12

)
= ¡ ÅNyy n

2 (1)

where
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Equation (1) predicts eigenvalues, the lowest of which corresponds
to the buckling load. The integers Åm and Ån are the number of axial
and circumferentialhalf-wavesand full waves, respectively.A min-
imization with respect to integer values of Åm and Ån is performed to
® nd the lowest eigenvalue.

Scaling Laws
Assuming Eq. (1) represents the response of both the prototype

and its models and applyingsimilitude theory to the precedingequa-
tion establishesthe following scaling laws for symmetric, cross-ply,
laminated cylinders subjected to lateral pressure ÅN yy (see Refs. 2
and 4):

k K yy = ( k 4
g / k 2

n
) k 2
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where

K yy = ¡
ÅNyy L2

p 2 D11

, ÅA12 = A12 + A66 , ÅD12 = D12 + 2D66

and k xi = X i p/ X im is the scale factor of parameter X i ( p and m are
prototype and model, respectively).

The preceding equations are necessary to predict the behavior of
theprototypeusing thatof itsmodel.The materialsystemconsidered
in the following analysis is graphite/epoxy with properties listed in
Table 1.

Complete Similarity
The necessary condition for complete similarity between the

model and its prototype is that all scaling laws are satis® ed simulta-
neously.This requires that the scale factors of geometric parameters
(length, radius, and thicknessor number of plies) of both model and
prototype be the same ( k R = k L = k t = k N ). Moreover, the model
must have the same material properties as those of the prototype.

Table 1 Properties of AS4/3502 (Ref. 5)

Property E11 E22 G12 v12

psi £ 106 19.85 1.43 0.82 0.293

Table 2 Critical lateral pressure ÅNyy(lb/in.) for partial similarity (distortion in N and L), model: R = 7.0 in., L = 21.0 in., N = 20,
t = 0.007 in., Zm = Zp = 450, Z = L2/(R £ t)

Con® g. N k N R k R Nyy
a Nyyp1

b Nyyp2
c e1, %d e2, %e L k L

(0/90)5s 20 1 7 1 953.285 953.285 947.015 0 0.66 21.0 1
(0/90)6s 24 1.2 7 1 1477.64 1372.73 1415.43 7.1 4.21 23.00 1.095
(0/90)7s 28 1.4 7 1 1997.21 1868.44 1939.97 6.45 2.88 24.85 1.183
(0/90)8s 32 1.6 7 1 2532.8 2440.41 2539.61 3.65 0.27 26.56 1.265
(0/90)9s 36 1.8 7 1 3244.08 3088.64 3239.98 4.79 0.13 28.17 1.341
(0/90)10s 40 2.0 7 1 4151.70 3813.14 4067.43 8.15 2.03 29.70 1.414
(0/90)11s 44 2.2 7 1 5276.45 4613.89 5043.03 12.56 4.42 31.15 1.483
(0/90)12s 48 2.4 7 1 6639.31 5490.92 6176.61 17.29 6.97 32.53 1.549
(0/90)13s 52 2.6 7 1 8071.44 6444.20 7460.83 20.16 7.56 33.86 1.612

aTheoretical solutions.
bPredicted from Eq. (4).
cPredicted from Eq. (21).
dDiscrepancy between theoretical and predicted critical pressures using Eq. (4).
eDiscrepancy between theoretical and predicted critical pressures using Eq. (21).

The mode shapes of the model and the prototype must also be the
same due to the condition of complete similarity. It turns out that
for complete similarity k Åm = k Ån = 1, which leads to k n = k n be-
cause k L = k R . Substituting these conditions into Eqs. (3±8), and
after some manipulation, the following scaling laws are derived for
the prediction of buckling pressure ÅNyy :

k ÅNyy = k R = k L = k t = k N (9)

Equation (9) is a simple equation that can predict the critical lateral
pressure of a prototype by using many models provided that geom-
etry is completely scaled, the same materials are used for models
and prototype, and ply level scaling5 is used.

Partial Similarity
Complete similarity is very useful if there is freedom in design-

ing scaled-down models. In many cases it is impossible to satisfy
complete similarity between model and prototype due to the size,
shape, material properties, and boundary and environmental con-
ditions of the prototype. When at least one scaling law cannot be
satis® ed, distorted models with partial similarity are achieved. It is
extremely useful to ® nd a scaling law that can predict the behavior
of the prototype with desired accuracy using a distorted model. In
the following sections, two methodologies are presented in which
partial similarity can be achieved. The ® rst methodology is based
on the derived scaling laws, and the second is based on a curve-
® tting technique for constructing a surface for buckling pressure as
a function of any two of the three parameters N , L, and R (number
of plies, length, and radius, respectively)

Prediction Equations Using Scaling Laws
In determining which of the derived scaling laws yield the best

prediction, the following assumptionsfor both model and prototype
are taken into account: 1) k Ei j = k G i j = k vi j = 1 (same material),
2) cross-ply stacking sequences, and 3) same boundary conditions.

Each of Eqs. (3±8) is tested to predict the critical pressure of the
prototype and the predicted results are compared with theoretical
ones. Simitses et al.4 showed that Eq. (4) yields the best accuracy
for the case of distortion in the number of plies. Nevertheless, for
the case of distortion in the cylinder radius, the study could not ® nd
a scaling law that can predict the critical pressure with accuracy
because each scaling law is very sensitive to the distortion in radius.
In this case, the models were incapable of predicting the critical
pressure of prototype using only one of the scaling laws. The sixth
and seventhcolumnsof Table2 presentthe theoreticalcriticallateral
pressure ÅNyy and predicted results from Eq. (4), respectively.As the
number of plies of the prototype increases, the discrepancybetween
predicted and theoretical results increases. Equation (4) is limited
to a small range of distortions. Moreover, for Eq. (4) to yield the
results in Table 2, the curvature parameter is kept the same for both
model and prototypes as follows:

k z = 1 = k 2
L/( k N k R ) ) k L ¢ = Ï k N k R (10)
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In addition, the radius is assumed the same for model and prototype,
which leads to an additional scaling factor as follows:

k L = Ï k N (11)

To understand the reasons that Eq. (4) is the only scaling law that
predicts the behavior of prototype for distortion in number of plies
with good accuracy, let us expressEq. (4) in a different form. Using
Eq. (4) and Eq. (8) and assuming that the number of half-waves in
the axial direction are the same for both model and prototype, the
resulting scaling law is as follows:

k ÅN yy =
k ÅD12

k L
=

k ÅD12

( k N )0.5
(12)

Now let us expand the bending stiffness as a function of material
properties, number of layers, and thickness as follows:

Di j =
1

3

N

Sk = 1

ÅQk
i j

(t 3
k ¡ t 3

k ¡ 1
)

=
t 3

3

N

Sk = 1

ÅQk
i j[ (1 ¡ 3k + 3k2) + ( 3

2 ¡ 3k) N +
3

4
N 2] (13)

The scale factor for Eq. (13) can be represented by a polynomial as
follows:

k Di j = a0 + a1 k N + a2 k
2
N (14)

where a0 , a1 , and a2 are functions of the number of layers for a spe-
ci® c material and stacking sequence.Equation (12) is the necessary
scaling law that can be used to predict distortion in the number of
layers with acceptable accuracy provided that Eq. (11) is also sat-
is® ed. Equation (12) is the scale factor k ÅNyy

, which is a polynomial
function of k N [observing Eq. (13)]. In the next subsection it will
be shown that k ÅNyy

can be obtained as a polynomial function of k N

by curve ® tting the predicted results of the governing equation (1).

Prediction Equations Using Curve Fitting
Because the predictiondependson how sensitivethe criticalpres-

sure is to the scaling law, it is sometimes impossible to ® nd a scaling
law that can predict results with acceptable accuracy for different
distortions. When a scaling law is found, it is sometimes limited in
its range of prediction. The limitation in range means that models
that can predict the behavior of the prototype are a little smaller
or little larger than the prototype and, therefore, there would be no
advantage in testing these models.

Models satisfying all scaling laws will always give accurate pre-
diction. Only if scaling requirements are violated, for instance, by
neglectinga weak scaling law, would the predictionaccuracysuffer.

The investigation of the scale factor k ÅN yy
is necessary to estab-

lish inherent relationships among k ÅNyy
and other scale factors. The

buckling mode shapes are a function of the geometric parameters,
boundaryconditions,extensionalstiffnesses Ai j , bendingstiffnesses
Di j , and material properties.Therefore, the following equations are
established:

k Åm k Ån = f ( k L , k R , k N ) (15)

k Ai j = f ( k N ) (16)

k Di j = f ( k N ) (17)

Substituting Eqs. (15±17) into Eqs. (3±8) and considering the com-
binationof all obtainedequations, the scale factor k ÅN yy

has the form

k ÅNyy = f ( k N , 1/ k R) (18)

Furthermore Eq. (18) can be written as

k ÅNyy = f k N
( k N ) f k R

(1/ k R ) (19)

The validity of combining the two functions ( f k N
, f k R

) as a product
is demonstrated in Ref. 6.

Observing Eq. (18) and the constant curvature assumption, any
two of the scale factors k L , k R , and k N can be used in Eq. (19).

Therefore, the product of two functions for the geometric scale fac-
tors would yield the buckling load (scale factor). The curve-® tting
technique is used to construct a surface for the buckling load (scale
factor) for stacking sequence (0/ 90)ns , n = 1, 2, 3, . . . , and distor-
tion in R as follows:

k ÅNyy = ( ¡
2.3643

k 4
R

+
3.8959

k 3
R

¡
1.8703

k 2
R

+
3.7304

k R )
£ ( ¡ 0.5533k N + 1.5927k 2

N ¡ 1.0883k 3
N

+ 0.3898k 4
N ¡ 0.0480k 5

N
) (20)

For the sake of comparison to the prediction equation (4), let us
assume that k R is equal to one for shells with stacking sequence
(0/90)ns , n = 1, 2, 3, . . . . In this case we have distortion in N and
L . Prediction equation (20) in this case is

k ÅNyy = ( ¡ 1.8766k N + 5.402k 2
N ¡ 3.6912k 3

N

+ 1.3221k 4
N ¡ 0.1628k 5

N
) (21)

Results of predictionby Eq. (21) are compared to the ones obtained
from Eq. (4) and presented in Table 2. The discrepancy between
the theoretical and predicted values from Eq. (4) increases as the
number of layers increase for the prototype. It is apparent that Eq.
(21) has higher-order terms in the polynomial than Eq. (4) and,
therefore, yields improved results. Although the prediction equa-
tions are developed from ® nite data points, theoretically they can
predict the critical pressures of prototypes for any combination of
k R and k N (= k t ) as long as R and N are greater than or equal to
the model values.

Conclusion
The structural similitude theory is employed to establish scal-

ing laws between model and prototype that are necessary to pre-
dict the behaviorof the prototype.The investigationwas performed
on partial similarity (distortions in N , R, and L) and showed that
similitude theory is limited in the predictionof prototype behavior.
However, for complete similarity, a simple equation is obtained that
can predict the criticalpressureof the prototypeusingmany models.
Although this study only considers the distortions in the number of
plies, length, and radius of laminated cylindrical shells, the method
can be applied to ® nd predictionequationswith any other distortions
such as boundaryconditions,material properties,etc. The presented
methodologycan be used for other shell theories such as ® rst-order
shear deformation theory, which is more accurate for moderately
thick shells.

Acknowledgments
The researchwas sponsoredby theOf® ce ofNavalResearch,Ship

Structure Division, with Y. D. S. Rajapakse as Scienti® c Of® cer.

References
1Skoglund, V. J., Similitude Theory and Application, International Text-

book, Scranton, PA, 1967.
2Simitses, G. J., and Rezaeepazhand, J., ª Structural Similitude for Lam-

inated Structures,º Composite Engineering, Vol. 3, No. 7±8, 1993, pp. 751±
765.

3Jones, R. M., and Morgan, H. S., ª Buckling and Vibration of Cross-Ply
Laminated Circular Cylindrical Shells,º AIAA Journal, Vol. 13, No. 5, 1975,
pp. 664±671.

4Simitses, G. J., Rezaeepazhand, J., and Sierakowski, R. L., ª Scaled Mod-
els for Laminated Cylindrical Shells Subjected to External Pressure,º Me-
chanics of Composite Materials and Structures, Vol. 4, 1997, pp. 267±280.

5Jackson, K. E., ª Scaling Effects in the Static and Dynamic Response of
Graphite±Epoxy Beam-Column,º Ph.D. Dissertation, Dept. of Engineering
Science and Mechanics, Virginia Polytechnic and State Univ., Blacksburg,
VA, May 1990.

6Murphy, G., Similitude in Engineering, Ronald, New York, 1950.

A. M. Waas
Associate Editor


